IMPEDANCE AND DYNAMIC

MODULUS I
N the theory of electric networks the concept of impedance has proved to be a highly useful tool for both the analytical treatment and the comprehension of electrical phenomena. Its use has been extended to the field of mechanics by the introduction of so-called equivalent networks or, as in acoustics, by defining the mechanical impedance as the ratio of force to velocity. The
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Fund for Physical Research of Columbia University. VOLUME 11, AUGUST, 1940 of the nature of mechanical impedances, but due to their physical interpretation as a spring modulus (or spring constant) generalized to dynamic phenomena, the appellation dynamic modulus is being preferably used in the present paper. The concept of dynamic modulus is briefly introduced in the first section, while the second deals with the establishment of the frequency equation and an artifice for its rapid graphical solution avoiding the necessity of plotting an oscillatory function. Numerical applications to Diesel engines are treated in the last section. An example is also given of an extreme case where the fundamental frequency has a very low value and a special method is used for the calculation of this frequency.
latter definition is very useful in compound electromechanical systems and in those for which the amount of dissipated or radiated energy is one of the important features. However, in systems without or with negligible dissipation constituted, for instance, by a combination of masses and springs, it seems preferable to introduce as mechanical impedance the ratio of force to displacement. When there is no dissipation this ratio is a real quantity which can be either positive or negative. It generalizes the concept of spring constant to the case of harmonic mo-tion. In order to distinguish this type of impedance from the other we use the appellation dynamic spring constant or simply dynamic modulus. The following example illustrates the above definition.* An elastic rod AB of torsional spring constant k is clamped at B and carries at A a disk of moment of inertia I (Fig. 1) . In order to produce an harmonic oscillation of the disk of frequency w/2n and of amplitude 8 we must apply to the disk a torque M= (K-Ll?)e.
This may be written
The quantity K is the dynamic modulus of the system at A. It becomes equal to the static modulus k of the rod for small frequencies, it vanishes at resonance and is negative for higher frequencies.
In the case of a shaft carrying two disks and free to rotate in bearings as illustrated in Fig. 2 and adding the spring kl the dynamic modulus K2 is given by l/Kz= l/kl+l/K".
(1.4) (
The physical meaning of this quantity Kz is that a harmonic torque of given frequency w/2a acting on the left end of the system produces an amplitude at that point which would be the same as if the torque were driving an elastic rod clamped at the other end and of spring constant equal to K2. Also if we put K2 = 0 we obtain the frequency equation for the free oscillations of the system, while l/K2 = 0 is the frequency equation when it is rigidly clamped at the left end.
FREQUENCY EQUATION
Using the concept of dynamic modulus and a mathematical method known as the calculus of jinite differences we are now going to show that it is possible to establish a frequency equation of remarkable simplicity.
Following the usual procedure we represent n -1. In order to express the corresponding relations for the end disks we assume that a machine We have assumed / a 1 < 2 or w = 2(k/I)* which of dynamic modulus K1 is coupled at the left end means that the frequency Eq. (2.7) yields only of the shaft and a machine of dynamic modulus the natural frequencies of the system which are
Kz at the right end. Then the amplitudes of lower than 2(k/I)i. In most practical cases howoscillation 01 and 02 satisfy the equations, ever this range will be sufficient as it will actually cover all the frequencies of the system or at least
the greatest number of them and the most im- In principle, in order to find the roots of the frequency equation it would be sufficient to plot the left side of Eq. (2.7) as a function of p or w and note the abscissas where the curve intersects the horizontal axis. This procedure however, is generally cumbersome because the function to plot is highly oscillatory and requires the calculation of a great number of points. This difficulty may be avoided and the numerical work considerably simplified by the following artifice.
We notice that the frequency equation may be written in complex form by putting &12+Me-cii2=A re'p'i epi12+Ne-pi12=A2eQzi. Proceeding as we have done above this leads to a frequency equation similar to (2.6) this time with hyperbolic instead of circular function. The shape of the modes of vibration in the crankshaft may be calculated below the cut-off frequency by (2.4) and above by (2.11). Using, for instance, the first condition (2.6) we may write (2.4) in the form * 0, = C sin (w+@) with (2.12)
and C an arbitrary constant. The torsional mode of order r is found by substituting the values pLr and w,., roots of the frequency equation and corresponding to that mode.
Example 1
APPLICATIONS
We consider the case of a crankshaft with n cranks free at both ends. Then Kr=K2= 0. The frequency Eq. (2.7) may be written sin p(n+l) -2 sin pn+sin j.~(n+l) =0 or sin pn = 0.
The roots are p=@r/n (p=O, 1, 2, a.., n). The values p = 0 and p = n must be excluded because they do not correspond to any motion of the crankshaft. The (n-l) natural frequencies are therefore given by the formula wp = w, sin @r/n, p=l, 2, .--, n-l.
The spectrum of frequencies is represented in Fig. 4 . We notice that the highest frequencies have a tendency to gather in the vicinity of the cut-off frequency wc = 2(k/I) t. This is a general feature in the oscillations of long crankshafts. It is also of interest to consider the frequency equation in the form (2.9). JVe may write in this case cpl= cpz= --r/Z then the Eq. (2.9) becomes j~n=multiple of R.
In this case the left side of the equation as a function of p represents a straight line.
Example 2
A six-cylinder Diesel installation is represented in Fig. 5 The dynamic modulus K1 at the left end of the crankshaft is given by l/K1= l/ka-l/13& and 2k/K1 expressed as a function of p by means of relation (2.5) is
Introducing this in the first formula (2.10) we calculate cp1 as a function of EL. In the same way we calculate 2k/K2 where K2 is the dynamic modulus at the right end of the crankshaft. This may be calculated as a function of p in the following steps Introducing this function in the second formula (2.10) we calculate cp2. Calculations need only be made in the range 0 <P <n. The frequency equation 6r.~+ cpl+ cpz= multiple of a will be solved graphically by plotting the left side as a function of p. The values of the functions ~1, cp2 are given in Table I . The curve representing &+(pl+(p2 is plotted in Fig. 6 ; the intersections of this curve with the horizontals of ordinates 0, r, 2a, 37,4x, ST, yield the roots of the frequency equation (3.6). These roots are in degrees; These are the six natural frequencies of the system below the cut-off frequency whose value is in this case 138 sec.?. The system has actually eight natural frequencies, there are therefore two more frequencies higher than 138 but their practical importance is not great. They could however eventually be calculated by the procedure indicated above [cf. Eq. (2.11)]. The complete calculation of the six frequencies requires about two or three hours of slide rule work. The method is very well fit to discuss rapidly the effect on the frequencies of a structural change of the system. If, for example, the Example 3
We consider the six-cylinder Diesel ship drive represented in Fig. 7 Since Kl=O we may take for cpr the constant value cpr = -90' while cp2 is calculated as a function of p as in the previous example. We find the values given in Table II . The curve representing 6~ -90+ cp2 as a function of p is plotted in Fig. 8 It is clear that this equation is the frequency equation for the case of a rigid crankshaft. The factor X plays the role of a correction factor taking into account the elasticity of the crankshaft. Introducing the numerical data and putting z = 2 sin p/2 the frequency equation may be written 0.02X+0.7736-(10.15X+275)z2+275Xz4=0.
A first approximation for the lowest root is found by putting X = 6. Neglecting the term in z4 we find 0.02 X6+0.7736 22 = =2.65X1O-3 10.15X6+275 2=.5.15X10-~.
This corresponds to an angle ~=2.95".
Introducing this value of p in the factor X we find X = 6.09. This yields the second approximation This second approximation is quite satisfactory. The lowest frequency is X512=4.24 set-l. 
